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First-principles calculations for charged defects at surfaces, interfaces, and two-dimensional
materials in the presence of electric fields
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We present a methodology to calculate the formation energy of a charged defect at a surface, an interface, or
a two-dimensional material in the presence of a macroscopic electric field. We demonstrate that the proposed
formalism corrects for electrostatic artifacts in standard repeated-slab calculations and allows us to extract reliably
the formation energy in the isolated defect limit independently of vacuum thickness, slab thickness, or lateral
supercell size. The formalism does not enter the self-consistency loop of a density functional theory (DFT)
calculation, but requires as input only the electrostatic potential of the converged calculation. Thus, employing
the proposed scheme does not require any changes in the DFT code, but only a postprocessing module that we

provide for various codes.
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I. INTRODUCTION

Charges at surfaces, interfaces, or two-dimensional (2D)
materials play an important role in creating or tuning macro-
scopic electric fields in a variety of technical applications, for
instance in electronic and optoelectronic devices, in chem-
ical sensors, or in electrochemistry and corrosion. These
charges are often trapped at special sites, such as surface
defects, dopants, or impurity atoms. For understanding the
trapping sites’ role in technical applications and ultimately
controlling their impact, it is necessary to determine their
thermodynamic and electronic properties. Significant progress
has been made in recent years in calculating formation energies
of point defects within bulk materials from first-principles
electronic-structure calculations, notably within the frame-
work of density functional theory (DFT) [1]. Yet, charged
defects at surfaces and interfaces pose additional challenges
to theoretical modeling. In particular, the energy changes as-
sociated with forming and charging surface defects depend on
location of the countercharge, i.e., on the specific experimental
scenario [2-6].

Two prototypical cases are sketched in Fig. 1. The first
scenario (a) is a band-bending situation near the surface of
a doped semiconductor. The surface charges (blue minus signs
inFig. 1) are compensated by dopants in the bulk material (blue
plus signs). The electric potential (shown in green) decays
into the bulk material within 10-100 nm (or even more),
depending on the available dopant concentration. Outside the
surface, in the vacuum or gas phase region, the potential is
constant. The reservoir for additional electrons in this case is
the Fermi energy. Deep inside the bulk, the position of the
Fermi energy with respect to the potential is determined by
the charge neutrality condition. The accumulation of charge
at the surface, on the other hand, depends on the energetic
position of the electronic trap states with respect to the Fermi
energy: states above the Fermi level will be empty, while
states below it will be filled. Obviously, the potential drop
between the surface and the bulk is an essential aspect for
understanding the energetics of the charge transfer process,

2469-9950/2018/97(20)/205425(16)

205425-1

as has been recently discussed for vacancies in oxides and
molecules on surfaces [4,5]. Case (b), on the other hand, depicts
a situation where surface charging is induced by an external
electrode. Here, the origin of charge (and hence the natural
point of reference) is the counterelectrode. In consequence,
the potential drop is between the electrode and the surface.
The formal thermodynamics of this situation, notably when
comparing constant-charge and constant-voltage processes,
has been laid out in detail by Lozovoi and Alavi [3].

These two scenarios are of course extreme cases out of
a continuum of possible situations where the countercharge
is located on both sides of the surface. These intermediate
cases are common for interfaces between two bulk materials.
For instance, an electrically active interface between two
doped semiconductors may acquire charge from both sides,
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FIG. 1. Sketch of electron potential in prototypical scenarios
across a charged surface: (a) Band bending due to an electron transfer
from the (doped) bulk to the surface. The zoom-in (red circle) high-
lights the potential near the surface. (b) Charging due to an external
electrode. The compensation charge sits on the counterelectrode.
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depending on the doping levels, the intrinsic band alignment,
and eventually the interface dipole for the interface at hand.

The electrostatics of such a situation will typically be de-
scribed by continuum theory, in particular in device modeling
[7-9]. Continuum modeling can easily bridge over length and
time scales. Moreover, it may be augmented to also describe
other device aspects (kinetic, optical, mechanical, etc.) in a
common framework. When it comes to nanoscale devices,
however, a proper mapping between the atomistic picture and
its continuum model becomes important. For this purpose, we
introduce a surrogate model of the defect at the interface that
reproduces the macroscopic electrostatic potential of DFT as
well as the dependence of the DFT energy on macroscopic
boundary conditions. The boundaries enclose the region of
interest within the atomistic model; in practice, planes parallel
to the surface, interface, or 2D sheet are used.

The surrogate model’s purpose is to reduce the full com-
plexity of electrostatic interactions to a few key parameters,
notably dielectric constants as well as interface and defect
positions that dominate the asymptotic behavior generally
associated with macroscopic fields. The term “macroscopic”
is to be understood here as exceeding the atomic length scale
sufficiently such that continuum models can be applied. As
continuum theory is scale free it is then no longer relevant for
the constitutive equations whether the actual electric fields in
experiment vary over a few nanometer or truly macroscopic
distances. The surrogate model thereby accurately connects
the true atomic-scale electrostatics with the macroscopic one
in a controlled way. Likewise, the surrogate model completely
(and purposefully) neglects artifacts due to other physical
effects contained in the underlying DFT calculation, such as
wave function overlap, strain, and quantum confinement [1].
Additional schemes may be needed to remove such artifacts
from the calculated results.

As we name “surfaces,” “2D materials,” and “interfaces,”
one should note that there is no conceptual difference between
them as far as electrostatics is concerned. A surface is nothing
but an interface between a bulk material on one side and
vacuum or a gas phase on the other side. A “2D material”
exhibits two dielectric interfaces, but in contrast to the artificial
slab systems used for surfaces, the thickness is not an artificial
modeling parameter but an intrinsic property of the material.
The general theory can therefore be formulated in terms of
interfaces. For readability, we will intermix the two terms.
We shall typically use “interface” when we imply that the
properties of the phases on both sides are relevant for the
subsequent discussion, while we use “surface” when we focus
mostly on one side.

As was mentioned earlier, surface and interface defects pose
additional challenges to theoretical modeling. First, the broken
3D translational symmetry of the host material by the surface
or the interface makes it necessary to use slab or superlattice
models. Notably when using computer codes developed for
3D-periodic crystalline materials, the repeated-slab approach
is commonly used for surfaces. The surface of interest and
a small number of layers of the underlying host material
form a thin slab, which is repeated periodically throughout
space. A thin (~1-2 nm) vacuum region separates the slabs
from each other in the direction normal to the surface plane.
2D materials are treated analogously. Interfaces can also be

modeled similarly (with a few layers of the bulk material on
either side of the interface), or in the superlattice approach,
where the vacuum layer separating the slabs is omitted in favor
of a second interface. Unfortunately, the number of atoms that
can be feasibly treated in electronic-structure calculations is
limited to a few hundred. Therefore, the unavoidable second
interface or surface at the bottom side of the slab may be rather
close to the defect of interest, notably as the lateral size is
increased to avoid interactions between the defect and its lateral
periodic images at the same surface. This artificial proximity
may lead to artifacts in the calculated energy, which must be
carefully controlled or corrected for.

Second, introducing a formal charge to the system requires
using a compensating countercharge, either put explicitly
somewhere into the system [2-5] or implicitly by adjusting
the boundary conditions [6,10]. The most common implicit
condition is to set the average potential to zero and use peri-
odic boundary conditions otherwise, which is equivalent to a
homogeneous background [1,11-13]. This artificial placement
of the countercharge must be corrected for or extrapolated to
the limit of the isolated defect [4,5,12-14].

In this work, we present a formalism to calculate via DFT the
formation energy of charged defects at surfaces and interfaces
in the presence of an electric field. The formalism is based on
a surrogate model for the electrostatics, detailed in Sec. IT A,
that can directly be used in subsequent continuum calculations.
We demonstrate our approach for the dangling-bond defect
at the H-saturated Si(111) surface. We describe in detail the
steps necessary to remove the electrostatic artifacts due to the
use of the repeated-slab approach (or supercell approach) in
Secs. IIC-IIE. The electrostatic correction scheme developed
for this purpose can be equally applied to defects at field-free
surfaces, interfaces with and without field, and 2D materi-
als, with various setups for the compensation charge. The
implementation is interfaced to several DFT codes (VASP,
Quantum Espresso, Socorro, SPHInX) and will be provided
for download at our website [15]. We demonstrate convergence
of the formation energy with respect to vacuum (Sec. IIIB),
surface cell (Sec. IIIC), and slab thickness (Sec. IIID). Last,
in Sec. II1 E we report the inclusion of explicit electric fields in
the DFT calculations and compare the results to the predictions
from the surrogate model.

II. METHODOLOGY
A. Continuum electrostatics and the surrogate model

The main idea of our approach is to introduce a surrogate
model within the framework of continuum electrostatics. This
model shall reproduce the macroscopic behavior of the DFT
electrostatic potential as well as the dependence of the DFT
formation energies on the boundary conditions, notably the
macroscopic electric field.

At the level of continuum theory, the electrostatic potential
is defined by the effective Poisson equation (in hartree atomic
units, notably with €y = 1/4m)

V- [e(m)VV(r)] = —4mp(r). ey

Here, p(r) is the charge density and €(r) is the local dielectric
constant that may vary throughout space. In contrast, dielectric
screening is truly nonlocal in electronic structure theory. It may
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FIG. 2. Sketch of the electrostatic potential from DFT (light
green) and the surrogate model (dark green). The special positions
(zL, etc.) and the regions A, B, and C are discussed in the text.

be formally expressed via
SV(r)= / d’r'e(r,r)§ V), )

where § VX' denotes a variation of the external potential (not
due to electrons) that leads to a variation §V in the effec-
tive potential. The nonlocality of the microscopic dielectric
function €(r,r’) is a consequence of the quantum nature of
the electrons responsible for the screening. It is obvious that
there is no unique way of mapping the nonlocal screening
to a local dielectric constant. Only in bulklike regions, the
average (macroscopic) dielectric constant is well defined. In
transition regions, there is a variety of possibilities to define
a local dielectric constant that reproduces asymptotically (i.e.,
far from the location of the charge) the same result. For the
purpose of this work, we shall focus on the variation of the local
dielectric constant across the interface, the dielectric profile
€(z2), where z is the coordinate running perpendicular to the
interface plane.

Within this context, the indispensable ingredients in our
surrogate model are (1) the presence of a dielectric interface
and (2) the presence of a finite charge; see Fig. 2. The dielectric
interface implies that the macroscopic (bulklike) screening
changes from one side of the interface to the other. The most
simple realization is a sharp interface, characterized by the in-
terface position z;r. The bulk dielectric constants €;, and € are
dictated by the materials to the left (index ; ) and right (index g).
Similarly, the most simple charge distribution for such a
surrogate model is a point charge. Its position z¢ is a further

J

region A: z < zp,

region B: zp < z < zir,
V(z) =

region C: z > zjf,

key parameter of the model. Its actual value is determined by
the specific surface reconstruction (in most cases the position
of the broken bond where the charge is localized) and thus is
independent of zi. The total amount of charge (Q) is not a
free parameter; as the total charge determines the leading term
in asymptotic behavior of the potential, it must agree with the
underlying DFT calculation, i.e., with the defect charge. The
left and right boundary planes for the surrogate model (at z;,
and z, respectively) must enclose the entire interface and the
charge, and therefore lie sufficiently deep in the bulklike region
(or within vacuum for a surface) on each side.

Let us briefly discuss the model in one-dimensional form.
The changes in the electric field £ = dV /dz from the left ()
to the right side (£x) are uniquely controlled by the dielectric
interface contrast €, /eg and the surface charge Q/A, where A
is the surface area:

€Ll — 47T_Q = €r&r. (3)
A
The positions of interface and charge, zir and z¢, on the other
hand, are essential to reproduce within the same surrogate
model both the potential

V() = Vi + / L&) @

L

at and near the boundaries, and the energy

E=aA [ d210(2) — pret(2)]

1
X {Vref(z) + E[V(Z) - Vref(Z)]}- ®

The energy necessarily depends on the choice of the reference
system (index (), i.e., on the electrostatic situation when the
point charge is removed. The reference case is characterized
by a background charge, p..f, and the associated potential Vis.
Different choices can be made [3]. For now, we will assume that
the potential V; and field £, at z; originate from the charge-
free reference (of = 0), which leads to

E = QV(zg). (©)

Other references are possible, too [3]. In the sharp-interface
plus point-charge surrogate model, the potential is explicitly
given by

Vi +E(z — z1),
Vi+ €z —z) — EL(z - z9)

= Vi + Er(zit —2r) + i—ng(Z — Zif), @)
Vi + Erzie — z1) — 41[/? (zif — z0) + Er(z — zif)

€

= Vg + Er(z — zp).

Here, & is obtained from Eq. (3), and the potential on the right boundary is

€L 4 Q €L
Ve=V@r) =Vo+& |zt —zo+ —@r—z6) | — — |zt — 20 + —(@r — zit) |- (3)
€ER ELA €R
The potential at the position of the charge reads
€
V(zo) = Vi +ELzo — ) = Vo + &{G—R(zQ — 2if) + 2if — ZR] ©)
L
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The expressions from the left side and the right side are
obviously different; this is because we assumed the charge in
Fig. 2 to be left of the interface, i.e., zp < zir. If we had chosen
it to be right of the interface, the corresponding expressions are
obtained by exchanging the ; and y indices. This distinction
becomes a bit annoying when treating the field dependence in
practical situations as discussed in Sec. II D below: we typically
choose first a boundary plane, and then determine the surrogate
model parameters, which show whether the charge position is
before or behind the interface. To circumvent the need to give
conditional expressions, we introduce an effective position z.g
of the charge with respect to the left boundary via

Zetf '= 2L + —/ dz p(z)/ d7 — (10)

The form of this equation is motivated by the analytic solution
of the 1D Poisson equation provided in Appendix A. For
the simple sharp-interface plus point-charge surrogate model,

where p(z) = %5(1 — Zg), we obtain
20, forzp < zif,
= 11
Celt {:_i(ZQ —zit) + zie, forzg > zi, (b
and the potential is given by
V(zo) = VL + EL(zer — 21). (12)

We would like to emphasize that z.s is not a new, independent
parameter in the model. Instead, it is a slightly different way
of expressing the position of the charge, a way which is ideally
suited for discussing the dependence of energies with respect
to the field at one specific boundary. Also, as the definition
of the effective position is tied to one boundary, the effective
positions for the left and right boundary do not agree. However,
they can be easily converted; see Eq. (11).

This type of surrogate modeling is appealing because it
is easy to extend. First, we may treat electrostatics in three
dimensions to account for lateral interactions. We may add
further dielectric interfaces to account for image effects in
repeated-slab calculations. We may add a homogeneous back-
ground charge to allow for periodic boundary conditions. We
may even allow for continuous changes in the dielectric profile
(which is advantageous for numerical reasons) and similarly
replace the point charge by an extended charge distribution.
The connection of continuous profiles to the sharp-interface
parameters is discussed Appendix A.

The key parameters of surrogate models (€,, €g, Zif, Zefr)
that are fitted to reproduce the potential from repeated-slab
DFT calculations not only provide a consistent picture of the
formation energy of an isolated defect at a bulk surface (Secs.
[II B-III D), but also reproduce the field dependence (Sec. IITE)
required to simulate different experimental scenarios with a
finite surface charging. Before we come to the details of how
the parameters entering the surrogate model are obtained from
the DFT calculation, we first summarize the algorithm used
to solve the effective Poisson equation in three dimensions for
continuous dielectric profiles and charge distributions.

B. Discretized image charge method

The method described here is an improved version of
the image charge approach developed by some of us earlier
[16]. It differs from the previous approach by employing a
2D Fourier transform parallel to the surface, which greatly
enhances the convergence for lateral lattice summations, as
well as a flexible use of open and periodic boundary conditions.
For the purpose of completeness, we will describe again all
steps of the algorithm in the following.

The image charge method is usually introduced for a single
dielectric interface between region A and B with dielectric con-
stants €4 and €p, respectively [17]. The potential due to a point
charge Q in region A can be obtained as follows. For region B,
it can be described by a modified charge at the location of the
original charge (i.e., in region A), screened by €z. However,
the value of the effective charge for region B is [17]

2€p 26;1
€4+ €p

0. 13)

GA +EB

The latter form is directly applicable to metals with e ! = 0.
For lack of a better name, and because the new effective charge
propagates the effect of the charge from region A to region B,
we call it propagated charge [16]. For region A, the potential
arises from the original charge and an additional image charge,
both screened by €4. The image charge is located in region
B, at a position arising from mirroring the original location at
the interface plane. The value of the image charge is

€p —€R _GBI—GAI

6A"i_EB GA +e€ B

(14)

Note that the propagated and the image charge are not located
in the region for which they apply.

If region A is bounded by another dielectric interface
(parallel to the one just considered) to region C, the effect
of the image charge in region B requires an additional image
charge in region C, which in turn requires a new image charge
in region B, etc. Conversely, the interface to an additional
region D adjacent to region B (the interfaces being again
parallel) will require a new image charge in region D due to the
propagated charge for region B (located in region A). The effect
of this image charge must then be propagated through the B/A
interface to region A, and will likewise produce an infinite
series of further image charges. It may seem impractical to
track all these image charges in the presence of a large number
of interfaces, and probably is so in the general case. However,
if the interfaces are all equidistant, the image charges can be
computed and summed very efficiently.

In order to solve the Poisson equation for arbitrary dielectric
profiles, Eq. (1), using the image charge method, the dielectric
profile and charge distribution are discretized in the z direction.
The dielectric profile will consist of a series of dielectric
slabs with thickness d and constant dielectric properties (¢;)
throughout the slab, and sudden jumps at the interfaces located
at z =0+ %)d, where i is an integer number. The charge
distribution is confined to the center of each dielectric slab,
with an arbitrary lateral distribution

p(x,y,2) =Y p(x,y,2008(z — 7)), (15)
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where z; = i-d. The advantage of this approach is that all
image charges sit again in the center of the slabs. The potential
in each slab is then given by the charges inside the slab
(intralayer) and the real and image charges outside this layer
(interlayer). While the intralayer potential is ill defined for
charge delta sheets (it cancels when making differences, as
explained below), the interlayer one is given by

V(x,y,z;) = %/dx’/dy’z Z

n=1 o==%1
q(x',y'i,o.n)
X .
V2 4+ (x =X+ (y =y

(16)

Here, g(x,y,i,0,n) is the effective charge for the calculation
of the potential in layer i, sitting at a position z; + on. The
effective charges combine the image and propagated charges
arising from the various interfaces. They are recursively
determined via

2¢;
q(x,y,i,on+1)= —eq(x,y,i + o,0,n)

€ t+ €ito
€ — €ito .
+—q(-xayalv _O'an) (17)
€ + €ito
with the start value
q(x,z,zi,£1,0) = p(x,y,2;). (18)

Last, Fourier transformation of the x and y coordinates to k), =
(kx,ky) does not change the structure of the vertical discretiza-
tion [Eq. (15)], effective charge recursion [Eq. (17)], and ini-
tialization [Eq. (18)], but the potential [Eq. (16)] simplifies to

2
Vikyzi) = ——— > q(k.zi,00m)e " 19
20 = i e Ao me )

Here we have used the 2D Fourier transform of the Coulomb
potential

—i(kyx+kyy)

dxdy e

1
Vx4 y2 42

P SR S
K2+ K2+ K2

[k2 + k?

For |k;| > 0, the exponential factor makes the sum over n
unconditionally convergent, and can be straightforwardly
generalized to include also the intralayer potential. Thus, the
ill-definedness of the intralayer potential arises exclusively
from the k;; = 0 component.

For kj; = 0, the image charge method is not applicable.
Instead, we solve the original Poisson equation Eq. (1) directly,
subject to the same discretization as used for |k| > 0. For
k|, = 0, the Poisson equation reduces to the ordinary differen-
tial equation

(20)

d d
E[G(Z)E Vik, = 0,z)i| = —4npk); = 0,z2), 21

symmetric

potential

potential
g l

asymmetric

I I I
zo+c/2 c

z z

FIG. 3. Sketch of an asymmetric sawtooth potential [Eq. (25)]
and a symmetric one [Eq. (26)].

which can be piecewise integrated to

V(kH = O,Z)

B Vi +(z — z)e ' Dy, forz; — 3d <z <z,

= -1 L, (22)
Vi+(z—2z)€ Diyr, forzp <z <zi+3d,
d, _ _
Vier =Vi+ E(ei ' e))) D, (23)
Diy1 = Di —47p(0,2;). (24)

Here, V; is the potential at the center of slab i, and D; is the
electric displacement between z;_; and z;. For finite systems,
some start values must be chosen to reflect the desired boundary
conditions. For periodic boundary conditions, the total charge
must be zero, and the initial Dy must be chosen such that V; =
Vi+n~. In practice, we compute first the two cases (a) Vy = 0,
Dy = 0 with the given p(0,z) and (b) Vo =0, Dy =1 and
p(z) =0, and then set Dy = —Vli,“)/ VIE,b).

The proposed discretization converges only slowly to the
limit of a continuous distribution. However, for calculating en-
ergy differences between isolated and periodic systems which
have identical localized charge distributions and dielectric
profiles in the region of interest, the discretization errors cancel
to a very large degree.

C. Determination of dielectric interface parameters

The bulk dielectric constants to the left and right of a
dielectric interface are properties of the respective materials.
They can be determined from density functional perturbation
theory [18], or from the response to a finite sawtooth potential
[19]. In the latter approach, the response in the plane-averaged
electrostatic potentials is fitted to straight line segments, and
the slope is compared to the applied field in that region. This
approach is particularly convenient to determine the equivalent
position of a sharp dielectric interface. For this, we apply a
periodic asymmetric sawtooth potential

Vaw(2) = E(z —z20) — 3E€cforzo <z <zo+c¢  (25)

for slabs in vacuum (with the cut being in the middle of the
vacuum), or a periodic symmetric sawtooth potential

Vsym—saw(z) = 5‘1 — 20 — %C| for 20 <z< 20 +c¢ (26)

in the case of superlattices for modeling interfaces between
two bulk materials. The shape of the two variants is sketched
in Fig. 3. If the supercell is large enough, there will be distinct
regions within the supercell where a constant electric field
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FIG. 4. Change in the DFT electrostatic potential AVPFT (red
solid line) of an 8-layer H-saturated Si(111) slab, averaged over the
xy plane, upon applying an external sawtooth potential across the
slab. The dipole correction [20] was used in addition. The dashed
lines are linear fits in the two vacuum (L and R) and slab regions,
respectively. The crossing points of the vacuum and slab linear fits
define the dielectric interface position z;j; (orange line) for a dielectric
slab model (yellow region) with sharp interfaces. The jump at
z = %20 bohrs arises from the dipole correction.

is applied to a bulklike material and a bulklike response
is observed. This is demonstrated in Fig. 4 for an 8-layer
H-saturated silicon slab in vacuum. These bulklike regions are
separated by transitional regions (see inset) that encompass the
actual dielectric interfaces. In order to determine the interface
position zjr, the plane-averaged change in the electrostatic
potential is fitted to a macroscopic, straight-line behavior
(see Fig. 4). Extrapolating these straight line segments to
the material interface yields crossing points that define the
equivalent position of a sharp dielectric interface. On the
other hand, the reduction factor of the applied effective field
compared to the fitted one (the slope) yields the effective
dielectric constant of the material.

Figure 4 demonstrates the procedure for an 8-layer H-
saturated Si(111) slab. The slab is located in the yellow-shaded
region. The change in the DFT electrostatic potential clearly
shows three distinct spatial regions: the vacuum below the
slab (z < —13 bohrs), the vacuum above the slab (z > 13
bohrs), and the Si slab in between. Linear fits to the potential
change within these regions (dashed lines) allow us to extract
the effective dielectric constant of the slab (12.13), which
is in reasonable agreement with the known value of 12.7
from density functional perturbation theory [18]. The small
discrepancy (—4.5%) arises from the finite size of the slab,
which may not yet have acquired the properties of the extended
bulk. It turns out that the corrections derived below are not very
sensitive to such small variations in the dielectric constant,
and using the bulk value of 12.7 yields practically the same
results. In addition to the dielectric constant, the linear fits
define the dielectric interface positions zjz by their crossing

points. They turn out to be located approximately at the height
of the saturating H atoms. Similarly to the case of the dielectric
constant, variations in the interface position by a few 0.1 bohrs
do not lead to significant changes in the corrections.

We note in passing that the well-known dipole correc-
tion [20] for neutral slabs implicitly employs an asymmetric
sawtooth potential. Therefore, if the DFT code at hand does
not have the option of adding arbitrary external potentials
(as SPHInX [21] does), the implementation of the dipole
correction may offer easy access to asymmetric sawtooth
potentials. But even when the dielectric interface properties
cannot be determined correctly and are estimated instead, the
scheme sketched out below yields robust results as discussed
at the end of Sec. IIE.

D. Defect formation energy

We begin by recalling the formalism for defects in the
absence of an external field in bulk materials. For a defect
with charge Q, it can be written as [1]

EV(E" = Vo) = Ef =) widdn; + QE" = Vo). 27)

l

w; are the chemical potentials of all chemical species added
(An; > 0) or removed (An; < 0) to create the defect from
the defect-free case [1]. Eof denotes the reference energy of
the defect at zero chemical potentials and when the electronic
reservoir, the Fermi energy ET, coincides with the zero of
the potential energy scale Vj. Vj is typically taken to be the
valence band maximum far from the defect. The value of E({
is extracted from DFT calculations for a defect-containing
supercell, the defect-free bulk of the host material, and bulk or
molecular reference systems that define the chemical potential
for atoms added or removed in the defect [1]. For charged
defects in finite supercells, additional corrections (or extrapo-
lation) must be applied [1,11,22,23].

The main challenge introduced by an electric field is that
there no longer is a unique energy zero “far from the defect.”
This challenge is solved by referencing with respect to a
specific boundary plane instead [3]. We therefore replace Vj
by a suitable expression that reflects how the formation energy
changes as we change (a) the boundary potential V; or (b)
change the boundary electric field £, namely,

dAU

dE, EL+0(E]).  (28)
Here, AU denotes the change of the potential near the defect
when the field at the boundary plane is varied.

This is exactly the question discussed above in Sec. IT A for
the surrogate model in one dimension, where we had shown
that the potential near the localized charge can be written as
[cf. Eq. (12)]

V0—> VL+AU((€L)=VL+

V(zg) = VL + E(zerr — 21) (29)

with a suitably chosen effective position z.s with respect to
the boundary plane. It should be pointed out again that z.s
also accounts for the dielectric screening effects between the
boundary plane and the actual defect. It may therefore be
different from the actual center of charge zo. Rather, it is
a convenient way of expressing the field dependence of the
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potential drop
AU(EL) = (zetr — 2)EL + O(EF). (30)

By combing Eq. (28) with Eq. (27) and neglecting the nonlinear
contributions, we arrive for the field-dependent formation
energy at

ENE" — V&)
= E{ = widn; + QIE" — Vp — Garr — 2)EL].

l

€29}

Eg now denotes the reference energy of the defect at zero field,
zero chemical potentials, and when the electronic reservoir, the
Fermi energy E¥, coincides with the electron potential at the
reference plane z,. The effective position z.g is not known
a priori. Rather, we should at this point regard Eq. (31) as
the implicit definition of z.¢, namely the one that reproduces
the field-dependence of the formation energy. On the other
hand, once it is known for a particular boundary plane, it
is straightforward to use continuum theory to switch to a
different reference in the continuum model. We remind the
reader at this point that this change of reference is exactly
the step where the experimental scenario can be adopted,
based on the boundary-plane referenced data discussed in this
section. What remains to be explained is how we arrive at the
boundary-plane reference from standard electronic-structure
calculations, that typically work with a very different implicit
reference for charged calculations. The corrections needed for
this are described in the next section.

E. Extrapolation of defect parameters from the
repeated slab approach

Once the dielectric modeling parameters for the defect-free
slab system have been determined, the dielectric modeling can
be used to extrapolate calculated defect formation energies
from the slab system to the limiting case of isolated defects on
a bulk surface. We will start by focussing on the field-free case
first, and discuss the field dependence later in Sec. IIIE. For
this, we employ an adapted version of the correction formalism
proposed by us earlier for bulk systems [11]. In brief, it consists
of a “periodicity” correction and an alignment-like term. The
periodicity correction accounts for the fact that the DFT energy
corresponds to placing the charged defect in a periodic array
with a compensating background. It is obtained by modeling
the periodic and isolated defects in an electrostatic continuum
model, which in the bulk case reduces to a screened Madelung
energy of point charges (or Gaussians). The alignment-like
correction is necessary because the alignment convention in
DFT and in the model calculation is different [11,24]. The
successful adaptation of this scheme to slab systems has been
demonstrated first by Komsa et al. [12], who employed a FFT-
based solver for the effective Poisson equation, Eq. (1).

In the present work, we estimate the electrostatic interaction
energy in the slab system as compared to a defect at a bulk
surface from our dielectric model as

AEmOdel = ES(/)Slea]bs - Eg(/)gtil‘face' (32)

Here E ‘5}’2&5 is the energy of a periodic array of slabs
with a periodic arrangement of localized Gaussian charges
near the slabs’ surfaces, calculated from the Poisson solver
described in Sec. IIB. Likewise Ep%0e,, is the energy of
an isolated Gaussian charge at a bulk surface. The charge
distributions of the localized model charge as well as the
dielectric profiles agree locally between the periodic slab and
isolated surface cases. Differently from the approach taken by
Komsa er al. [12], we take advantage of being able to apply
periodic boundary conditions for the periodic slab case, and
open boundary conditions for the surface case in the same
scheme, while they had to resort to finite-size extrapolation
within the model calculation to obtain the isolated surface
reference [12]. We note in passing that an alternative algorithm
to compute potentials for open boundary conditions has been
proposed based on a truncated Green’s function approach [25].
This algorithm—Ilike ours—may also treat periodic boundary
conditions, but has not been used for this purpose in practice.

For the alignment term, we then subtract from the change
in the DFT electrostatic potential

AVPFT — yPFT(glab + defect) — VP (slab) (33)

the corresponding model potential to determine the unknown
alignment constant C between the two cases, such that the
“short-range potential”

AVPTT — € — vl (34)

approaches zero far from the defect [11], notably in the vacuum
region [cf. Fig. 5(b)]. The correction energy for a defect with
charge Q then reads [11,12,24]

AE®" = AE™* + OC. (35)

We would like to emphasize that these corrections do not
rely on the use of our particular DFT code SPHInX. The
sxdefectalign2d program, which implements the Poisson
solver, is interfaced to the potential format of several common
DFT programs, but it can also be used as a stand-alone program
to produce only the model potential and energies.

Of course, the scheme is designed to remove the influence of
the artificial electric fields within the DFT calculation. The key
point with respect to the treatment of electric fields according to
Eq. (31)is that the precise location of the center of the Gaussian
charge z along the z direction is a hitherto free parameter in
the modeling. This freedom can now be used to reflect the
actual charge distribution in the DFT calculation. Similarly to
the bulk case, the criteria for this is that the corrected potential,
Eq. (34), is free of an electric field. We achieve this by manually
varying the position of the charge along z until the corrected
potential [Eq. (34)] becomes flat in the vacuum region; see
Fig. 5. The upper graph, Fig. 5(a), shows the case where the
charge is incorrectly placed. Specifically zy was chosen such
that z.s coincides with the interface plane zj. Figure 5(b)
shows the correct placement. As this adaptation of position is
an essential part of the alignment procedure, it is controlled via
a command-line option and might be automatized in the future.
The physical position of the charge within the model is not the
effective position z.f, but uniquely determines it via Eq. (10).
Likewise, the model charge distribution by itself as well as the
precise shape of the dielectric interface are not critical for the
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FIG. 5. Alignment of the model potential fora Q = —1 dangling-
bond defectata2 x 2 Si(111) surface (cf. Fig. 6). (a) Incorrect place-
ment of Gaussian charge at zyp = 11.61 < z.r = 12.74 bohrs = z;;.
(b) Correct placement of Gaussian charge at zp = 10.33 & zef =
10.38 bohrs. All potentials are averaged over the xy plane. Red (light)
solid line: defect-induced change in the DFT electrostatic potential
without corrections. Dashed line: potential from the surrogate model
(interface broadening: 0.5 bohrs). Green (dark) solid line: DFT
potential with correction from model.

success of the scheme. What matters is that they reproduce
the macroscopic effects, which are condensed in AE model '/ e,
and the alignment constant C. We will demonstrate below in
Sec. II1 E that the effective position determined in this way is in
excellent agreement with actual finite-field DFT calculations,
while the convergence tests discussed in Secs. IIIB to IIID
demonstrate how the corrections largely remove the influence
of artificial slab geometry.

An example of a successful alignment is shown in Fig. 5(b).
Clearly, the dielectric model (black dashed line) excellently
reproduces the defect-induced change in the DFT potential
(red line) in the vacuum region. Inside the slab, the DFT
potential fluctuates around the continuum model which reflects
the details of microscopic screening neglected in continuum
theory due to the use of a somewhat averaged local dielectric
constant instead of the full nonlocal dielectric screening (see
Sec. ITA). An important aspect of the modeling is that the
short-range potential (green line) shows no visible electric
fields inside the slab, highlighting that the charge is indeed
localized. If it was not, the charge separation between the model
charge and the actual charge distribution would induce a slope
in the short-range potential. Thus, the shape of the short-range
potential within the slab serves as an indicator for the validity
of the underlying assumption of a localized defect charge. In
other words, similarly to the bulk case, the scheme allows us
to verify that the expectation of a localized charge (and hence
the reliability of the correction) is fulfilled.

FIG. 6. Si(111) slabs used in this work. Left: side view of the
8-layer Si slab. Right: top view on the surface, showing the topmost H
and the top two Si layers. Orthonormal surface unit cells are indicated.
Blue large spheres depict Si atoms, white small spheres H atoms.

Does the short-range potential also show problems in
modeling the dielectric interface itself? Does it show problems,
for instance, if the interface parameters (dielectric constants
on either side as well as the interface position; see Sec. I1C)
have been estimated rather than determined via the procedure
of Sec. IIC? Test calculations with a purposefully incorrect
dielectric model showed that variations of the slab dielectric
constant of 12.13 by £10% are difficult to detect, but changed
the correction by +0.001 eV only. Variations in the interface
position may yield much larger errors (up to 0.06 eV in the
correction when shifting interfaces by Azi = 1 bohrs), but
produce a pronounced potential drop at the interface:

AVif = (51 — 52)AZif = <1 - Z_l)glAZif~ (36)
2

Here &, and &, denote the electric field on either side of the
interface, and €;, €, the corresponding dielectric constants.
By comparing the alignment of the short-range potential
inside and outside the slab (which should be identical if the
dielectric interface is correctly modeled), such mistakes are
easily detected and might even be corrected pragmatically by
adjusting the dielectric interface position from the alignment
procedure. However, if the model charge itself overlaps with
the uncertain part of the dielectric interface, such pragmatic
procedures may lead to uncontrolled errors and cannot be
recommended in general.

III. RESULTS

A. Dangling bond at the Si(111) surface

The methodology will be demonstrated for a dangling-bond
defect at the H-saturated Si(111) surface. The Si(111) surface
is a prototypical semiconductors surface. When truncated from
the bulk, there is one broken bond per surface atom. The
Si(111) undergoes a 7 x 7 reconstruction in vacuum [26], but
maintains a 1 x 1 periodicity if each broken bond is saturated
with hydrogen [27]. Removing a single hydrogen atom from an
otherwise saturated surface leaves an isolated dangling-bond
defect. The defect state associated with it can take 0, 1, or 2
electrons, corresponding to the +1, 0, and —1 charge states.
The possibility to switch from positive to negative charge
within the same defect was a major motivation for using this
particular defect. Wherever the +1 and —1 charged states
show the same energy dependence, it is likely that electrostatic
effects are at play. The atomic structure of the slabs is depicted
in Fig. 6. For the surface unit cell, we employed multiples of
the orthonormal cell of this hexagonal surface.
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FIG. 7. Convergence of formation energy of a dangling-bond
defect Si(111) with respect to vacuum separation in the repeated slab
approach. The slab has 8 Si layers and a 2 x 2 orthorhombic surface
unit cell (8 surface atoms). The c lattice constant (top scale) defines
the vacuum separation between adjacent slabs. Different charge states
are shown: —1 [red (light)], O [green (dark)], +1 (black). Circles
show raw data. Squares show corrected values for the charged defects
(see text).

The DFT calculations were performed with the SPHInX
code [21] using norm-conserving pseudopotentials [28] and
a plane-wave basis set with a cutoff of 20 Ry. For exchange
and correlation, the local density approximation (LDA) was
used. The lattice constant of bulk silicon in this approach is
10.2 bohrs. The k-point sampling for the slab system corre-
sponded to at least a 4 x 4 x 1 sampling in the orthorhombic
cells. Test calculations with larger k-point sets indicate that
the uncertainty in formation energies due to the Kk-point
sampling is below 0.005 eV. From a pragmatic point of view,
uncertainties on the order of 0.05-0.1 eV are expected to be
sufficient for many practical applications when considering the
many other sources of uncertainties, not least the underlying
approximation for the exchange-correlation functional [1].

B. Convergence with respect to vacuum

We start our discussion by looking at the most dramatic
artifact in charged slab supercell calculations, the formation
energy as a function of the vacuum thickness. The Si(111) slab
for this section consists of 8 layers of silicon, saturated by
H on both sides (cf. Fig. 6). Starting from the orthorhombic
surface cell (two surface atoms on each side), a2 x 2 supercell
(8 surface atoms/side) was constructed. From this, a single H
atom was removed to create the dangling-bond defect. The
total slab is ~26 bohrs thick (bottom H to top H).

Figure 7 shows the formation energy of charged and neutral
dangling-bond defects as a function of the total cell height ¢
(upper scale), or equivalently the vacuum thickness (computed
as ¢ — 26 bohrs, as 26 bohrs is the thickness of the slab region
in the surrogate model; cf. Fig. 4). For charged defects, the
Fermi energy was set to 4.78 eV below the vacuum level
of the defect-free slab, which corresponds to the position of
the bulk valence band maximum. The dashed line shows the
results in the absence of any further corrections. Clearly, the
charged defects suffer from a severe variation of the computed

formation energy [eV]
T

I I I I
06 1x1 2x2 3x3 4x4

surface cell

FIG. 8. Convergence of formation energy of a dangling-bond
defect at Si(111) with respect to surface unit cell size in the repeated
slab approach. The slab has 8 Si layers and a N x N orthorhombic
surface unit cell as indicated (1 x 1 with two surface atoms). The cell
height was ¢ = 40 bohrs. Different charge states are shown: —1 [red
(light)], O [green (dark)], +1 (black). Circles show raw data. Squares
show corrected values for the charged defects (see text).

result on the cell height. Both charge states show a linear
divergence in the computed energy (plus some higher-order
term for small vacuum thicknesses), which is independent
of the sign of the charge. In contrast, the neutral defect
shows a formation energy practically independent from the
vacuum thickness. The divergence for charged states can be
qualitatively understood from the capacitor model [2]. In
brief, the vacuum spacing determines the charge separation
between the defect and the compensating background, such
that the potential difference between the center of the slab
and the center of vacuum increases linearly with vacuum size.
Our dielectric modeling perfectly reproduces this effect. After
correcting our energies with Eqgs. (32)-(35), the result very
rapidly converges with the vacuum thickness. For ¢ 2> 60 bohrs
(i.e., a vacuum separation of 34 bohrs), the results agree to
within 5 meV. For a more realistic target accuracy of 0.05 eV,
even the smallest vacuum thickness of 10 bohrs is sufficient.

C. Convergence with respect to surface unit cell

A further relevant parameter is the lateral supercell size
used for the simulations. We investigated this by calculating
N x N supercells of the orthonormal unit cell (cf. Fig. 6) for
N =1, 2,3, and 4. We note in passing that the computational
cost rapidly increases along this series, because the system size
(number of atoms) increases like N2, and the computational
cost of DFT increases like N2, ... N2 .. In practice, the 4 x
4 calculation takes 1000 x more computer time than the 1 x 1.
For the vacuum thickness, we chose a cell height of 40 bohrs,
where the absolute corrections due to the vacuum are small
(below 0.1 eV; see Fig. 7).

Figure 8 shows the comparison between the corrected
results and the raw results. Obviously, even the uncorrected
results converge to some value as the lateral size is increased,
but that value still depends on the vacuum size (not shown) and
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FIG. 9. Detection of dielectric breakthrough for a Q = +1
dangling-bond defect at a 3 x 2 Si(111) 20-layer slab in the potential
alignment. All potentials are averaged over the xy plane. Red (light)
solid line: defect-induced change in the DFT electrostatic potential
without corrections. Dashed line: potential from the dielectric model
with a Gaussian charge sitting at zp = 57.3 bohrs. Green (dark) solid
line: DFT potential with correction from model.

therefore does not agree with the fully corrected one. Applying
the corrections yields the laterally converged result already for
a2 x 2 cell to within 0.06 eV, at less than a tenth of the cost of
the 4 x 4 calculation. The 1 x 1 case is clearly insufficient. A
major problem in this case is that the lateral separation of the
defects is comparable to the width of the dielectric transition
region, rendering the simplifications to the dielectric interface
profile inaccurate. In addition, also other direct interactions
between the defects, such as wave function overlap, may
contribute to the deviations from the converged result. On the
other hand, the improvement in lateral convergence due to the
corrections for the 2 x 2 cell is apparent.

D. Convergence with respect to slab thickness

The convergence with respect to slab thickness turned out
to be more complex than for the vacuum thickness and surface
unit cell. First, by modifying the thickness of the slab we vary
quantum confinement effects in the slab for the bulklike states
in the slab, the surface resonances due to the Si-H bond, and
even the defect states, notably in the +1 charge state where the
dangling-bond state lies close to the valence band maximum.
Second, we face the possibility of dielectric breakthrough: The
internal potential inside the slab set up by the charge separation
between the defect and the compensating background may
exceed the band gap. In this case, the slab charge is not localized
at the defect only, but distributed in part to the other side of
the slab. In consequence, the Fermi level is pinned from both
sides of the slab. We observed this behavior for our slabs with a
3 x 2 surface unit cell if the slab thickness exceeded 12 layers
for the +1 charge state and 16 layers for —1, respectively.

Figure 9 shows an example of the alignment procedure in
the case of dielectric breakthrough, namely the +1 charge
state on a 20-layer slab. In order to remove the total dipole
moment, it was necessary to shift the effective position of the
charge in the dielectric model to zp = 57.3 bohrs, 13 bohrs
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FIG. 10. Potential alignment fora Q = +1 dangling-bond defect
ata3 x 2 Si(111) 20-layer slab in the presence of an external sawtooth
potential (U =5 eV, cut at z = 3 bohrs). All potentials are averaged
over the xy plane. Red (light) solid line: defect-induced change in the
DFT electrostatic potential without corrections. Dashed line: potential
from the dielectric model. Green (dark) solid line: DFT potential with
correction from model.

away from the position of the Si atom with the dangling bond.
Moreover, the short-range potential in the slab region shows
a clear deviation from the ideal flat behavior. Instead, the
potential drops almost linearly from the assumed center of
charge at z to a region around z = 20 bohrs at the bottom
side of the slab. This is in line with a charge transfer from
the defect to the lower side of the slab. Hence, the alignment
process immediately indicates that the assumptions of a fully
localized charge are not valid. The implicit verification of the
model assumptions is a great advantage of the present scheme.
A further analysis of the electronic structure confirmed that
the valence states at the bottom end of the slab are almost
degenerate with the defect state and partially depleted, while
the defect states became partially occupied in conflict with
their nominal zero occupation.

The origin of this artifact is the very high surface density of
charged states in our calculations. Realistic scenarios in experi-
ment yield surface charge densities of 1e per 100-1000 surface
atoms, compared to le per 12 atoms in our case. Increasing the
lateral size solves the problem in principle, but—as pointed
out above—is impractical due to the computational effort. In
order to extend the applicability of DFT calculations for thick
slabs, we impose an external electric field to compensate in part
for the internal field. This is done by applying an additional
asymmetric sawtooth potential according to Eq. (25); cf.
Fig. 3. Incorporating such a potential in the Poisson solver
for dielectric modeling (Sec. II B) is achieved by imposing the
characteristic discontinuous jump A Vg, = Euwc within the
vacuum when solving the kj; = 0 equation for the potential
[Eq. (23)]. The magnitude of the discontinuity is adjusted such
that the potential buildup within the slab stays below the gap
between the defect level and the band edge.

Figure 10 demonstrates the potentials for a +1 defect at a
20-layer slab in the presence of the external sawtooth potential.
The reference potential was from the defect-free slab in
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absence of the external field. The smaller intraslab potential
drop in the model (0.4 eV, compared to 0.75 eV in Fig. 9) is
clearly visible, and prevents dielectric breakthrough in prac-
tice. Correspondingly, the short-range potential after subtract-
ing the model potential becomes flat inside the slab as well as in
the vacuum region. Thus, the potential shape in the presence of
both the sawtooth potential and the defect is well captured by
the dielectric model. The associated changes in the electrostatic
energy, however, require some additional considerations.

The energy change associated with the external potential
consists of three major contributions: (1) the energy of the
intrinsic dipole (i.e., the one already present in absence of
an electric field) of the defect-free slab g, in the applied
external field Eq, (2) the energy of the defect charge (including
background) in the effective potential arising from the sawtooth
potential, and (3) the polarization energy of the defect-free slab.
The polarization energy of the defect is implicitly accounted
for by adapting the center of charge for the defect as described
in Sec. ITE. Contribution (2) is straightforward to compute in
the dielectric model, while contribution (1), which reads

EW = pdEexts (37

is extrinsic to our present modeling because the slab’s intrinsic
dipole is unknown. However, 1, can be easily extracted from
the DFT calculation for the defect-free slab, e.g., by using the
standard dipole correction scheme [20]. In our case (symmetric
slab), this contribution vanishes. Last, the polarization energy

E® = —Llagwél,, (38)

where og,, denotes the slab’s polarizability, which can be
obtained indirectly as follows. Our setup is equivalent to a
plate capacitor with a voltage U, where U corresponds to the
potential jump of the sawtooth potential. In the absence of the
slab, the capacitance is given by C = % (note that in atomic
units, €9 = 1/4m), where A denotes the surface area and c¢ the
total cell height. The energy stored in the capacitor is %C U?.
Upon introducing the slab, the capacitance is enhanced by the
“serial” average of the dielectric constant, i.e., a factor (6*1)_1 .
The average of the inverse dielectric constant across the cell,

€1, is straightforward to compute from the model dielectric
profile. Comparing the two energies, the polarization energy
of the slab is

AT 1
E® =" |— —1|U% (39)
27TC e*l

We verified for defect-free slabs (and small &) that the
polarization energy calculated via Eq. (39) is in excellent
agreement with the results from DFT.

Figure 11 shows the results from calculations for various
thicknesses. For thick slabs, we employed the additional
external field as just described (squares). For thinner slabs,
where dielectric breakthrough was not a problem, we used the
standard setup (circles). Uncorrected values are not shown, be-
cause the external potential incurs very large alignment shifts.
For the standard setup, the corrections vary only slowly with
slab thickness (within 0.05 eV over 620 layers) due to the high
screening inside the slab. It becomes obvious that the calculated
formation energies for the neutral and negative charge states are
practically independent from the slab thickness for more than
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FIG. 11. Convergence of formation energy of a dangling-bond
defect at Si(111) with respect to slab thickness. The surface unit cell
was 3 x 2 (cf. Fig. 6). Different charge states are shown: —1 [red
(light)], O [green (dark)], +1 (black). Circles show data (including
corrections for charged states) from standard calculations. Squares
show data (including corrections) from calculations with an additional
sawtooth.

8 layers. In contrast, the +1 formation energy shows a slow
convergence. We attribute this to confinement effects. Indeed,
an analysis of the electronic state associated with the dangling-
bond defect reveals a decaying tail into the slab. For the +1
charge state, the decay is particularly slow. Model calculations
within a 1-dimensional tight-binding model [29] reproduce the
confinement effect qualitatively. This finding highlights that
finite-size corrections based on electrostatic considerations,
that obviously succeed in removing electrostatic artifacts for
the well-behaved —1 charge state, may not be sufficient when
other mechanisms become important. From a pragmatic point
of view, the remaining uncertainties observed here (<0.05 eV)
are within a typical target accuracy of 0.05-0.1 eV.

E. Field dependence

As laid out in the introduction, a major motivation for
continuum modeling is the description of macroscopic fields.
Up to now we have demonstrated that the surrogate model
can be used to compensate for artificial electric fields in the
repeated-slab approach to extrapolate to the isolated, field-free
case. For this, we had adjusted the position of the charge in the
surrogate model such that the the macroscopic DFT potential
under periodic boundary conditions is reproduced. We will now
turn the logic around and demonstrate that the same surrogate
model (i.e., without readjusting the position of charge) also
describes the response to other boundary conditions, notably
the dependence of the formation energy on the field across
a reference plane according to Eq. (31). In order to do so,
we calculated the formation energy of a —1 dangling bond
defect in the presence of an electric field. The —1 charge state
was chosen because it is less prone to dielectric breakthrough
problems. To apply the field, an asymmetric sawtooth potential
[Eq. (26)] was applied to a 3 x 2 8-layer silicon slab with
and without the defect. The screening in the Si slab modifies
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FIG. 12. Change in potential (red line) of a defect-free slab in
the presence of an electric field due to an external sawtooth potential
(black line). The effective field (slope) in the vacuum is modified
by the screening within the slab. When the defect is placed near the
position z, its energy is referenced against some point in the vacuum
region, zg. zir is the position of the effective slab-vacuum interface
(see Fig. 4).

the effective potential in the vacuum region; see Fig. 12 (red
dashed line). Therefore, the applied field was determined a
posteriori from the effective potential profile of the defect-free
slab. In order to give a reference point for the defect formation
energy, the electron chemical potential was referenced to the
average potential at zg = 20 bohrs, which is ~10 bohrs above
the outermost Si plane and where the potential in the vacuum
is in close agreement with the continuum model (cf. Fig. 5).
The Fermi level was then set to 4.78 eV below that level,
which corresponds to the DFT valence band maximum of the
bulk below the H-saturated (111) surface in the absence of an
external field. As an external field £ is applied, the position
of the chosen reference point has a strong influence on the
calculated formation energy due to the potential difference
between the reference point and the position of the defect
(cf. Fig. 12), but with a trivial dependence on the field. For
a different choice z}, the formation energy (defect charge Q)
in the new reference is given as

£ £ “€(zp)
E'(Zg) = E'(zp) — Q&€(zr) dz——, (40
w €@
which simplifies in the case of shifting the boundary in a
homogeneous medium (no change of €) to

E"(Z) = E"(zr) — Q& (2 — zr). 41)

Hence, it is sufficient to demonstrate agreement between DFT
and continuum modeling for an arbitrarily chosen reference
point. For each applied field, the defect potential was aligned
within the correction scheme with respect to the potential of
the defect-free slab with the same field. In consequence, all
artifacts not arising from the field but from the homogenous
background and the artificial periodicity are corrected for in
the same way as for the field-free case.

The actual comparison is made in Fig. 13, which shows the
calculated formation energy in dependence on different fields.
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FIG. 13. Formation energy of a —1 dangling-bond defect at
Si(111) with respect to areference plane (see text) for different applied
fields. The slab has 8 Si layers and a 3 x 2 orthorhombic surface
unit cell (12 surface atoms). Black squares: DFT with finite-size
corrections. Green solid line: field dependence from dielectric model
and zero-field DFT data. Dashed line: parabolic fit to DFT data. The
inset shows the deviation of the DFT data from the field dependence
obtained by the dielectric model.

The formation energy shows the expected linear behavior [cf.
Eq. (31)], where the slope is given by the distance of the
effective center of charge of the defect from the reference plane.
Clearly, the model predictions taken from the field-free case,
i.e., the effective defect position in the continuum model that
arises from the alignment procedure, is in excellent agreement
with the DFT results. The inset in Fig. 13 shows the deviation
from the model prediction. We find an absolute deviation of
at most 0.01 eV within the observed field range (£2 x 10°
V/m), in which the formation energy varies over a range of 2
eV. The deviation arises in part from a parabolic behavior of
the calculated formation energy. Such a behavior is expected
from the defect-induced change in the polarizability « of the
slab, which implies a change in the total energy of

AEP = —1Aa&”. (42)

As is obvious from Fig. 13, the dangling-bond defect enhances
the polarizability (Ao > 0). We also observe a slight mispre-
diction of the slope at zero field, equivalent to misplacement
of the center of charge by 0.06 bohrs. Such a deviation is at the
limit of accuracy of our alignment procedure, and unlikely to
be relevant for realistic fields.

IV. CONCLUSIONS

In summary, we have proposed an approach to incorporate
charged point defects into the continuum modeling of space
charges near material interfaces and surfaces. Using a local
dielectric constant approximation € (r) for the dielectric screen-
ing function, specifically a 1-dimensional dielectric profile
€(z) for flat surfaces, we showed that the asymptotic potential
dependence to the left and right of a charged surface or interface
can be accurately captured by a macroscopic surrogate model.
This model requires as input only the effective position z.g of
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the charged defect with respect to a reference plane in addition
to the formation energy E({ with respect to the potential at that
point in the absence of macroscopic fields. Moreover, by using
the dielectric modeling in connection with an image-charge
method for solving the Poisson equation, we show how the key
parameters E({ and z.¢ can be reliably extracted from standard
DFT calculations in the repeated slab approach. Test calcula-
tions for the dangling-bond defect at the H-saturated Si(111)
surface demonstrate that the uncertainty of the defect formation
energy can be brought down to 20.05 eV as estimated from
a wide set of different supercell sizes, slab thicknesses, and
external fields. In the absence of corrections, the most critical
parameter in the commonly employed homogeneous back-
ground correction is the vacuum thickness, an effect that can be
efficiently removed by the proposed corrections. To foster the
applicability of the proposed correction scheme, we provide a
GNU/Linux binary executable, sxdefectalign2d, at our web
page [15]. Its usage is briefly summarized in Appendix B. We
are confident that our work will help to reduce the uncertainties
in charged defect calculations at surfaces due to electrostatic
interactions in the supercell approach. Moreover, the proposed
scheme can be directly applied to defects in 2D materials and
is easily adapted to defects at interfaces.

APPENDIX A: INTEGRATION OF THE 1D
POISSON EQUATION

Starting from the one-dimensional effective Poisson equa-
tion [cf. Eq. (21)]

d d Vv =—4 Al
d—z[e(z)d—Z (z)}—— 7p(2) (A1)

and introducing the running total charge (A being the interface
area)

0 =4 / 4z p(2), (A2)

L

one obtains

V)=V, +f d7’
o €@)

4 ~
[EL& - TQ(Z )]- (A3)

Next, we introduce

: 1
F(z)= f d7 — (A4)
o €@)
and integrate Eq. (A3) by parts to arrive at
4
V@)=V + F(Z)I:GLSL - XQ(Z)]

Z
e ! (A5)

L

In the absence of boundary charges, O(z;) is zero and Q(zg)
is the total charge Q. Moreover, F(z;) is zero. Equation (AS)
evaluated at z then simplifies to

4
Ve=V(@r) =VL + F(ZR)<€L5L - %Q)

+47T/ Rsz(z),o(z). (A6)

To link this expression with the sharp interface model, we first
consider the complete absence of charge, i.e., p(z) =0 and
Q = 0. The difference in potential between the right and left
boundary in the sharp interface model is given by

€
Ve = VL = (zit — z0)&L + (2r — Zif)é_LgL» (A7)
R
which by comparison to Eq. (A6) yields
Zif — 2 IR — 3
F(ZR) — if L + R 1f. (A8)

€L €R

We may see this as the defining equation for zj as a key feature
of an arbitrary dielectric profile, which can be resolved as

1 2L 2R /R 1 )
= ——— (= -2 | a—).
e e <eL e L, e

We now turn to the energy. For this, we will reference to a
zero-charge, finite-field reference aligned at z; . Then, all the
V.- and & -related terms in the potential Eq. (AS) are part of
the reference potential, and all Q and p terms belong to the
charge-induced potential (V — V). From Eq. (5)

(A9)

E—4 /  dzp(V, + F(eL &y

L

- 2TJT[F(Z)Q(Z) —A /Z dZ/F(Z'),O(Z’)} } (A10)

<L

The second line can be interpreted as the Coulomb self-
energy of the charge distribution, which is independent of the
boundary conditions. The double integral from the last term in
the self-energy can be integrated by parts to

A / " dzp(2) / 4 F( ()

_o f " A F @) — / d:0CFp().  (AlD)

iL

The second term of this expression is the same as the first
term ip the second line of Eq. (A10). Noting that 2Q(z)p(z) =
%d% 0?(z) and integrating by parts yields for the self-energy

2 IR d o -
Eqr = —X” dz{d—Z[Q<z>2 - QQ(Z)]}F(Z)
_ 2 / pLee -0
A J, €(2)

For a localized charge distribution fully contained within a
certain region, the integrand vanishes outside that region. The
self-energy then becomes independent of the integration limits.
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With this, we rewrite Eq. (A10) as

IR
E =0V, + A€, & / dzp(2)F(2) + Egs- (A13)
L
Last, we will turn our attention to the integral
ZR
/ dzp(2)F(2), (Al4)
ZL

which appears in several places. A simple interpretation is sug-
gested by Eq. (A13), where it appears in the field-dependency
term: If we had to reflect all dependence on the potential and
the field at z; by a single representative point charge at an
effective position z.; and otherwise forget about all variations
in the dielectric profile the field dependence would be given
by

dE
s O (Zefr — Z1)- (A15)
Comparison to Eq. (A13) gives us
€A [k
=+ 2 | Cdp@F@. (A1)

Using this effective position z.¢, which depends on the specific
combination of charge profile and dielectric profile, and using
also the above definition of the interface position zj [cf.
Egs. (A8) and (A9)], we can eliminate all occurrences of F(z)
for the key quantities of the surrogate model

Zif — 2 IR — Zi 4
e (S e )

€L €R

4T Q

+ - = —
A e (Zeft — 21.)

€
=Vi+& [Zif -z + G_L(ZR - Zif)i|
R

4 it — R — Zif

__ﬂQ(Zt Lot | IR Zt>, (A17)
A €r €R
E = Q[VL + E1(zetr — 20)] + Egeit. (A18)

Note that only the self-energy depends on the detailed
shape of the dielectric profile and the charge distribution.
All dependence on boundary conditions on the left (L) side
is captured by the two key parameters, namely the effective
interface position z;r and the effective charge position z.¢ with
respect to the left boundary.

APPENDIX B: sxdefectalign2d USAGE

In the following, we will illustrate the steps to take to
obtain an extrapolation correction for isolated defects on bulk
surfaces. A complete manual will be available on the download
page [15]. The input to the sxdefectalign2d tool consists
of the potential files for the defect-containing charged slab
system (here: vdef.sxb) as well as for the defect-free reference
slab (vref.sxb) and a SPHInX-format input file (system.sx)
describing the dielectric model. A sample setup file is shown
in Fig. 14.

system.sx

format imagecharge;

structure {

cell = [2x[ 7.212489, 0.000000, 0.000000],
2x[ 0.000000, 12.492398, 0.000000],
[ 0.000000, 0.000000, 35.000000]7;
}
slab {
fromZ = -12.735;
toZ = 12.735;
epsilon = 12.13;
}
charge {
posZ = 8.70;
Q=-1;
}
isolated {
fromZ = 0;
toZ = 20;
}

FIG. 14. Input file for sxdefectalign2d (see text).

The setup file uses the SPHInX input syntax [21] and must
contain four groups:

(1) The “structure” group, describing the periodic super-
cell (in units of bohrs). The third lattice parameter must be
orthogonal to the first two and point along the z direction.

(2) The “slab” group, describing the dielectric slab. The
slab is defined by its boundaries (fromZ, toZ) and the
dielectric constant (epsilon). Interfaces are broadened by
default (0.7 bohrs; can be changed with “broadening”)
to improve the numerical integration in coarse grids.

(3) The “charge” group, describing the defect charge (Q)
and position (posZ). Due to the sign convention for potentials in
most DFT programs, charge is usually measured in “electronic
charges”; i.e., Q must be the negative of the classical charge.
Note that posZ is the unscreened charge’s center and may
therefore differ from the effective position z. if the charge
distribution lies within the dielectric interface’s transitional
region.

(4) The “isolated” group, which defines the open boundary

region (fromZ, toZ) used for isolated defect calculations. It
is this region that is conceptually transferred by the charge
correction from the repeated-slab calculation to the situation
of interest (see Fig. 15). For bulk surfaces, the isolated region
should encompass the slab’s surface with the defect, but not
the artificial bottom boundary of the slab. For 2D materials,
the isolated region should encompass the complete slab.
Note that the slab and charge groups may appear multiple
times to set up more complex dielectric profiles and charge
distributions. Additionally, the input may contain a “periodic”
group to specify an asymmetric sawtooth potential via the cut
position (“cut”) and the voltage drop (“dropV”).
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"isolated'
region of interest

/ \

_____ e

bulk

repeated slab

FIG. 15. Schematic: the “isolated” region is that part of the
repeated slab system that is representative for the system of interest
(here: surface of an extended bulk).

A complete command line could look like this:

The sxdefectalign2d program is then run with several
command line options:

-i setup file name
--ecut plane-wave cutoff (rydbergs)

--vdef defect potential file

--vref reference potential file
--shift shift charges along z (bohrs)
-C set alignment constant (eV)

The plane-wave cutoff not only truncates summations and
integrations over reciprocal space (parallel to the surface),
but also defines the default discretization along z to be
compatible with standard Fourier meshes. The discretization
can be fine-tuned with further parameters documented in the
sxdefectalign2d manual. Additional flags are available to
specify the potential file format (--vasp for VASP, --qe for
Quantum Espresso, -——socorro for Socorro).

sxdefectalign2d -i system.sx --ecut 20 --vdef vdef.sxb --vref vref.sxb

The tool produces a text file “vline-eV.dat”, which contains in four columns the z coordinate, the difference between the DFT
defect and reference potential AVPFT [Eq. (33)], the model potential, and the difference between the two, i.e., the short-range
potential according to Eq. (34). This file can now be inspected with a plotting program to check that there is no remaining field
in the vacuum region (flat potential). Otherwise, the program is rerun with the -—shift option to adjust the charge position.
Once the appropriate position has been found—say, —2.2 (bohrs) as an example—one can read off the alignment constant C
(value of the flat potential) and pass it to sxdefectalign2d via the -C option:

sxdefectalign2d -i system.sx --ecut 20 --vdef vdef.sxb --vref vref.sxb --shift -2.2 -C -0.021

The output on the screen then lists the defect correction (“iso — periodic”) according to Eq. (35), which must be added to the
total energy difference from the DFT code. Further, the calculated interface position as well as the effective charge position [z
from Eq. (31)] with regard to the upper boundary plane is listed.
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